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Necessary and sufficient conditions are established for the existence of mild 
almost periodic solutions of Cauchy problems u’ = Au ffand a” = Au +f; where A 
is the infinitesimal generator of a strongly continuous semigroup (respectively, a 
cosine function) on a Hilbert space and fan almost periodic function. G 1989 
Academic Press, Inc. 
INTRODUCTION 
Let H be a Hilbert space and A the infinitesimal generator of a strongly 
continuous semigroup T on H. The problem of the existence of periodic 
solutions of the equation 
u’=Au+.f, 
where f is a periodic H-valued function, has been studied by many authors. 
In particular, in [7] several results of this kind are presented. 
Mild solutions on the whole real line for equations with generators of 
semigroups were first considered in [13], which extends results in [6]. 
In the first section of this paper, Haraux’s [7] results are extended to 
almost periodic functions. 
Using these results, a general characterization is obtained in the case 
where the operator A is perturbed by a relatively bounded operator which 
satisfies certain spectral properties. 
In the second section, the second order Cauchy problem is studied. It is 
known [S] that this study cannot be covered, in general, by going back to 
first order problems; however, characterizations analogous to those of the 
first section are obtained. 
Finally, applications to the Schrodinger equation and to the wave 
equation are considered. 
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1. THE CASE OF THE FIRST ORDER PROBLEM 
We will denote by H a Hilbert space with norm I( 11. Recall [S] that 
Bohr’s transform of an almost periodic functionf: [w -+ H is defined by the 
expression 
We use the notation 
BC( [w, H) = {f: [w -+ H 1 f is continuous 
and llfll = SUP Ilf(t)ll < 00 > 
IER 
AP( R, H) = {f E BC( [w, H) 1 f is almost periodic (a.p.)} 
o(f)= (~W4Af)ZO) 
It is well known that the set a(f) is, at most, denumerable (see Cl]). 
We will denote by n a denumerable set {i, E [w, ilz 0} such that: 
(i) lim n+m II*,) = + co. 
(ii) There exists a constant 0 E (0, 1) such that I,?,/ 5 0 I&+, I. 
We set 
AP,( [w, H) = {f E AP( R, H) I a(f) = A }. 
Let f in L’(Iw, H) be fixed, and let A be the infinitesimal generator of a 
C,-semigroup on H; a function u in C([w, H) is called a mild solution 
(on R) of 
u'(t)=Au(t)+f(t) (1.1) 
if the following formula is valid: 
u(r)= T,+,u(s)+Jr T,+“f(U)dU, S~S;t,.YE[W (1.2) 
s 
(see [4, 11, 71). 
If u E C’(R, H) and satisfies (1.1) then it is called a strict solution. 
Conditions under which a mild solution is a strict solution have been 
established by several authors; see [4, 111. 
The following result, valid also in Banach spaces, will be fundamental in 
our considerations. Its proof appears in [12] and generalizes [7]. 
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THEOREM 1.1. Let A be the infinitesimal generator of a CO-semigroup on 
a Hilbert space H. Let f E AP( R, H) and let u be a mild a.p. solution of (1.1). 
Then a(,4, u)ED(A) and 
(U-A) a(& u) = a(& f), 1E R. (1.3) 
THEOREM 1.2. Let A be the infinitesimal generator of a CO-semigroup on 
a Hilbert space H. Suppose that in&p(A) and that there is a sequence 
{tnjnbO in l’(N,,) such that 
Il(& -AIll It, forali n2k,,k,EN0. 
Then, for each f E AP,(R, H) there is a unique mild solution of (1.1) in 
APAR HI. 
Proof: By a result from [3] which is given in the scalar case, but whose 
proof is also valid in a Banach space, Conditions (i) and (ii) on g(f) imply 
that 
f(t)= f a(l,, f)eiAk’, 
k=O 
(1.4) 
where the convergence is uniform on R. 
From the fact that H is a Hilbert space, it is known (see [8]) that 
Parseval’s equation holds; that is, 
We define 
U,(t) = : (ii, -A)-’ a(l,, f) erAk’, NEN, tER 
k=O 
fN(t) = 5 a(,%,, f )e”‘@. 
k=O 
(1.6) 
(1.7) 
Then the U, are strict a.p. solutions of 
Vv(t) = AU,(t) +f,v(t), 
i.e., 
(1.8) 
U,(t)= T,-,u&)+ [‘T,-“f,(v)& sst, NEN. (1.9) 
(1.5) 
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Moreover, for M, NE IV, we have 
IIU,(t)- U,(t)11 = 
ii 
2 (iA, -A)-’ a(Ak,f)eiLk’ 
k=M+l II 
s( i ifki2)‘-‘(,=g+, ih@kd-)ii2)1’2~ 
k=M+l 
Hence, UN converges uniformly on IR to a function u; in particular (see 
CSI), t.4 EAPAR W 
Observation. If we compare the Sup-norm off with respect o the Sup- 
norm of the solution of (1.1) found through the previous process, we have 
Ilull z 5 ll(L)ll2 llfll,’ (1.10) 
THEOREM 1.3. Let A be the infinitesimal generator of a C,-semigroup on 
the Hilbert space H such that A = B + C, where B and C are linear operators 
with D(B) c D(C) and satisfying 
IIW 5~ llxll +b IIBxll; O~b<1/2,a>O,xED(B) (1.11) 
,C, = {iA/,IER, I,?) >a/(1 -2b)) sp(B) (1.12) 
M 
II@-Wll S’izl; u,b, ZE~44>0. (1.13) 
Let f E AP,(R, H). The following conditions are equivalent: 
(a) There exists a mild a.p. solution of (1.1). 
(b) For I& 1 5 a/(1 - 2b) we have a(Ak, f) e Im(iA, -A). 
Proof. By Theorem 1.1 we known that (a) implies (b); conversely, we 
define 
fcdt)= c a(l,, f )e”l’ 
111 So/(1 -2b) (1.14) 
f1(t)= c a(Ak,f)eiAk'. 
I& >a/(1 -2b) 
Then, from (1.5) 
f(t) =fo(t) +f1(t), tell& (1.15) 
409’143’2.18 
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By hypothesis, for each 1, with IA, / 5 a/l - 26, there exists xk E D(A) such 
that 
4ik, f) = (ilk - A)xk (1.16) 
%(f)= c xk eiirr. (1.17) 
Il~l$a/(lLzb) 
From (1.13) and (1.16) we obtain that u,(t) is a strict a.p. solution of the 
equation 
u’(t) = ‘wf) +fo(t), tlz R. (1.18) 
On the other hand, if (&I >a/(1 -2b), then from (1.12) and (1.13) we have 
ill, E p(B) (1.19) 
and 
M 
Il(iAk -W’Il Sm. (1.20) 
Moreover, from (1.11 ), we get for x E H 
IIC(i~k-B)~lxll~a IJ(i&-llp’xl/+b IIB(d-B)-‘x/l. (1.21) 
Making use of (1.20) and the identity B(il, - B)- l= iA,(iA, - B)- l -I, 
we obtain 
IIC(h - B)-’ XII S z llxll + bM Il.4 + b llxll, XE H. (1.22) 
k 
We consider the following two cases: 
Case 1. 0 5 M < 1. Then, from (1.22) we obtain IIC(il, - B)pll( 5 
a/l& 1 + 2b. 
Case 2. M > 1. Then, dividing by M in (1.22), we obtain 
(l/M) IIc(i& -B)-‘(I ~@,I +2b. 
Since the only point of accumulation of {;lk}k is co, there exists a /?>O 
such that 
1 l-26 
MC a -” 
(1.23) 
therefore, if we define, for BE { 1, M}, JIxI(~ = (l/6) I/xl/, XE H, 6 20, we 
have 
IIc(i& -B)-‘(I, + +2b< 1 -/hZ< 1. 
k 
(1.24) 
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Then (I - C( il,, - B) - ’ ) - ’ exists and 
(I- C(i1, - B)-‘)p’ = f (C(iA, - B)p’)k, 
k=O 
(1.25) 
where convergence is taken in terms at the norm 11. I/6. On the other hand, 
(Z-C(i2k-B)~1)p’ (U,-B)p’=[(iAk-B)(Z-C(iAk-B)p’)]m’ 
=(il,-B-C)-‘=(iAk--A)-‘; 
then, from (1.20) and (1.25), we have 
<lw’ 1 
= iA,1 1 - IIC(iA., - llpllla’ 
Observe that (1.24) yields 
pa< 1- I/C(iAk -B)p’II,, hE{ 
so that, from (1.26) we have 
1, M), (1.27) 
SE (1, M}. (1.26) 
Il(iAk -A-‘11, -cFt, 8~ 
Ak a 
{ 1, M}. (1.28) 
Now, we observe that Condition (ii) on o(f) implies 
I~o~~O~~*~~ii;2~12~~‘~‘~Ok~~kI; OE(O,l) (1.29) 
Let k, = min{k/ik ZO}; then, from (1.29) 
L<- 
@k-h 
iAki= b-k,, ’ 
0 E (0, l), k 2 k,. (1.30) 
Hence, from (1.28), we obtain 
Finally, in either case, 
<-.-.@k 
Il(iik -A)p’li ,lLk,, P.a 0 E (0, l), k 2 k,, 
and the result is a consequence of Theorem 1.2. 
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Remark. The previous theorem holds in the following cases: 
(1) A a linear bounded operator (compare with [7] in the periodic 
case); 
(2) B self-adjoint, C satisfying (l.ll), D(B) ED(C), and A = B+ C 
the generator of a C,-semigroup; in particular, if C is bounded (compare 
C71). 
(3) B self-adjoint and the infinitesimal generator of a C,-semigroup, 
moreover C a bounded operator. 
(4) B the infinitesimal generator of a bounded analytic C,-semigroup 
of angle c( (see [9]), C a closed linear operator which satisfies (1.1 1 ), 
D(B) c D(C). 
Let &Jnb I2 ,I, ~0, be a sequence of real numbers which satisfies 
conditions (i) and (ii). Denote il, = 0 and define A,, = {A,}, L 0. 
The following result generalizes [7]. 
COROLLARY. Let A be the infinitesimal generator of a Co-semigroup on 
a Hilbert space H such that 
iAo\{O) EP(A) (1.31) 
M 
Il(iA, -A)Y’ll =<- 
l47l’ 
nz 1. (1.32) 
Let f E AP,,(R, H). Then the following conditions are equivalent: 
(a) There exists a mild a.p. solution of (1.1). 
(b) lim.,, (W)Sif(t)dt~WA). 
ProoJ By hypothesis and as in the proof of Theorem 1.2, we have 
f(t)= f a(&, f)eUk’, 
k=O 
where the convergence is uniform on R. Moreover, there exists XED(A) 
such that a(0, f) = -Ax. 
Define fo(t)= -Ax, f,(t) =CpSl a(,?,, f)eiirr. Following the proof of 
Theorem 1.3 with a = 0 and C = 0, we have that uo(t) = x is the solution of 
(l.lS), and using (1.20) and (1.30) we have 
M 
Il(i2, -A)-‘]1 j~.@~-‘, 0 E (0, l), k = 1, 2, . . . . 
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then by Theorem 1.2 with /i =n,,\{O} and (1.31), there exists forf,(t) a 
unique mild solution a.p. of u’(t) = Au(t) + fi (t). So, the corollary is valid. 
Application to the Schriidinger Equation. Consider on H = L2(W) the 
Schrijdinger equation, 
au 
z=i.Au-i.Vu. 
We apply Theorem 1.3 with B = i. A and C = iv. From [ 11, Chap. ‘7, 
Lemma 5.4 and Theorem 5.53 it is known that, if VE Lp(R”) with p 2 2, 
p > $2, for each E 10 we have 
II Vull S 6 llA4 + ha Ilull, UEH~(R”)=D(~V), 
where k is a constant independent of E, c1> 0. 
Moreover, A = B+ C= id - iV is the infinitesimal generator of a 
C,-semigroup on L2( W). 
On the other hand, it is known (see [9, A-IV, Example 1.151) that A 
generates a bounded analytic C,-semigroup on L’(R”), therefore (see [IS, 
A-II, Theorem 1.141) there exist M>O and rz0 such that 
izEp(B) and 
A4 
II R(k B)ll 2 lzl if Rez>O and IzI 2 r. 
Now, choose 0 5 E < 4 such that ks”/( 1 - 2s) > r; then if 2 E [w and 111 > 
kEa/( 1 - 2~), we have that 
ilb E p(B) and 
M 
II(i~b-W1ll 5~~ 
so that Conditions (1.12) and (1.13) of Theorem 1.3 are satisfied. Hence, 
for any f E AP,( [w, H), the equation 
$=i-Au-iVu+f. 
has a unique mild a.p. solution in AP,,,(K!, H) if and only if for each 
;1, E a(,f) with 1;1, I < kE”/( 1 - 2s) we have a(&, f) E Im(i& - id + iv). 
568 CARLOSLIZAMA 
2. THE CASE OF THE SECOND ORDER PROBLEM 
Let A be the infinitesimal generator of a strongly continuous cosine func- 
tion. In this section, the second Cauchy abstract problem is considered: 
u”(t) = Au(t) +f(t), (2.1) 
where f is an a.p. function. 
Note that u E C’(R, H) is called a mild solution of (2.1) if it satisfies the 
formula 
u(t)= c,-p(s) + S,-p’(s) 
+ j’L”f(4 du, s, jER, 
s 
(2.2) 
where t + S, is the associated sine function defined by 
S,x = j’ C,x ds. (2.3) 
0 
If u E C’( R, H) satisfies (2.1), then it is called a strict solution. 
The next result is the analogue of Theorem 1.1 of the first section and 
generalizes Lemma 1 in [2]. 
THEOREM 2.1. Let A be the infinitesimal generator of a strongly con- 
tinuous cosine function defined in a Banach space X. Zf f E AP( IF!, X) and u(t) 
is a mild a.p. solution (of class C ‘) of (2.1). Then 
42, u) E W 1 and (A’+ A) a(& u) 
= -44 f ), IIE R. 
Proof: Since u is a mild solution of (2.1), from (2.2) we have 
C,u(t)+S,u’(t)=u(t+s)- jr+‘S,,,e,.f(u)du, s, tE R. 
I 
Moreover, it is easy to see that the following identities are valid: 
a(& u’)= lim i 
T 
epiA*u’(u) du 
T+‘X s To 
= illa(2, u’), 1E IR. 
(2.4) 
(2.5) 
(2.6) 
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Using (2.5) and (2.6) we have 
C,U(A, U) + S,u(A, u’) = ?im $ joT eciLo{ C,u(u) + S,u’(o)} du 
= lim L ‘ePiLUu(~+s)d~ 
T-m I To 
- +lit”,; joTed” j;+‘S,+,p,f(t) dt du 
= &‘“a(& u) - eiAs eeiA” S,a(A, f) do. 
Using (2.6) again we have 
then 
$ (C, - I) 42, u) +; (iAs, - ils) a(& u) 
=- f2 (eiL - I- z2.s) a(& u) -s elL” js e-“” S,u(l, f) dv. 
0 
We let s -+ 0 and observe that in this case 
$ (i~S,x - ihx) -+ 0 
$ (e”“x - x - ihx) -+ - A2x 
2eii.s s 
--s s2 oe - ii,vSux dv + x. 
THEOREM 2.2. Let H be a Hilbert space and A the infinitesimal generator 
of a strongly continuous cosine function. Suppose that { - ,I;} E p(A) and 
that there exists It,}, b o in 12(No) such that \ln,(n:+ A)-‘11 5 tk for all 
k 2 k,. Then, for each f E AP,(R, H), there exist a unique mild solution of 
(2.1) (of class C ’ ) u(t) E AP,( R, H). Moreover, u’(t) is also almost periodic. 
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THEOREM 2.3. Let A be the infinitesimal generator of a strongly con- 
tinuous cosine function on a Hilbert space H. Suppose that A = B + C, where 
B and C are linear operators with D(B) c D(C) and such that the following 
conditions are satisfied: 
IIW 5 a II-4 + b IIB~II forsomeO~b<1/2,a>O,xED(B) (2.8) 
,c, = (-&kIW, I4 >a/(1 -2b))_cdB) (2.9) 
II&k2 + B) - ‘11 5 M/M AER, IAl>a/(l -2b),M>O. (2.10) 
Let f E AP,( 1w, H); the following conditions are equivalent: 
(a) There exists a unique mild a.p. solution with u’(t) a.p. of (2.1). 
(b) For A: Sa/(l - 2b), we have a(&, f)eIm(i: + A). 
The proofs of the above two theorems are similar to those of 
Theorems 2.2 and 2.3 and therefore we omit them. 
Remark. Theorem 2.3 holds, for example, when A is a bounded linear 
operator, or when B generates a cosine function which satisfies the spectral 
conditions (2.9) and (2.10) and C is a bounded operator (see [lo]). 
Application to the Wave Equation. Consider the wave equation 
ah --Au. at2 (2.11) 
Let us consider in Theorem 2.3 A = A defined on H = L2([w”). 
It is known that A is the infinitesimal generator of a strongly continuous 
cosine function (see [S] ). Therefore we have 
-2*~p(A) and 
M 
114~~*+A)-‘Il Srn if 111 &/Y 
so that conditions (2.9) and (2.10) are satisfied with a = fi and b = 0. We 
conclude that for f E AP,( R, H) there exists a unique mild a.p. solution in 
AP,(R, H) of 
a% 
%=Au+f 
if and only if for I, E a(f) with 1: 5 fi we have that 
a(&, f) E Irn(A: + A). 
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